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ABSTRACT

Adsorption techniques are extensively used in bulk separations, purifications, and
physiochemical parameter determinations. Generally, the adsorption models are de-
scribed for equilibrium conditions. This study investigates the development of a math-
ematical model which describes the rate of adsorption under the conditions when the
dynamic mass transfer is the controlling step. The underlying assumption is that the
equilibrium isotherms can be used to describe the adsorption phenomena. A mathe-
matical model for the external mass transfer controlled adsorption rate based on the
Langmuir adsorption isotherm was developed and validated using data reported in lit-
erature using different adsorbents and adsorbates. In addition, using Freundlich ad-
sorption isotherm, mathematical models for zero, one-half, and first-order were ob-
tained. The variousrelevant parameters, namely the adsorption capacity, the adsorption
energy, and the mass transfer coefficients were evaluated and the extension of the
model to energetically heterogeneous surfaces is discussed. In addition, the results ob-
tained from the Langmuir isotherm-based model were compared against the results de-
rived from the mass transfer controlled rate equation based on the Freundlich isotherm.

Key Words. Langmuir; Adsorption; Kinetics, Mass transfer; Modeling

INTRODUCTION

The simulation of adsorption processes involves the consideration of
equilibrium and the rate of adsorption. Lagergren (1) proposed a first-order
Kinetic rate equation based on surface reaction as shown by the following
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relationship:

K
10g(de =) = 109 Ge ~ 5353 D)

where q is the amount of sorbate adsorbed per unit gram of adsorbent at time
t, and the subscript e represents equilibrium. Although the kinetics of adsorp-
tion is not necessarily of thefirst order, one can follow the methodol ogy used
by Lagergren to devel op the models for other reaction orders. For cases when
adsorption is pore-diffusion-dependent, Weber and Morris (2) proposed that
the concentration remaining in the solution after adsorption at time t is pro-
portional to t%°,

The overall rate of adsorption for mass transfer controlled situations was
first described by McCay et a. (3). Their model, based on the Freundlich
isotherm (q = k¢ Cg) for the case of n = 1, gives the following expression of
dynamic concentration C;:

1 Mk —(ﬁ({)kmﬁsrnt) )

Ct:CO<1+mskar T+ mk ©

where C; is the concentration of sorbate at timet, Cy is the initial concentra-
tion of the sorbate, msisthe loading of the sorbent, k, is the mass transfer co-
efficient, and A, isthe surface area, which isdirectly proportional to the num-
ber of available sites.

The above-discussed relationships have been used by many researchers to
quantify their process kinetics. Pandey et al. (4) determined the rate kinetics
of Cu (Il) adsorption onto fly ash. Similar studies were conducted by Vish-
wakarma et al. (5) during their investigation of Ni (I1) adsorption on fly ash.
These studies concluded that the mass transfer from the bulk to the particle
surface was the main rate-determining step. Although in the above studies Eq.
(2) was used to fit the kinetic data, the equilibrium data itself were observed
to behave more closely according to the Langmuir isotherm. Thus, we believe
that the McKay et a. model is not suitable to explain the data reported by
Vishwakarmaet al. (5). Therefore, thereis aneed to develop amodel for pre-
dicting the dynamic concentration under mass transfer controlled conditions
for systems that follow Langmuir adsorption isotherm.

In general, two simplified models are used in simulating the rate of adsorp-
tion: (a) equilibrium and (b) diffusion limiting (6). The aim of this paper isto
use the Langmuir isotherm to develop a model to enable us to predict the dy-
namic concentration for mass-transfer-dependent adsorption kinetics, assum-
ing the surface reaction is extremely fast and is thus constantly in equilibrium,
with the solute contacting the adsorbent. The data published in the literature
are then used to estimate the constants, adsorption energy (a), and adsorption
capacity (b) from the model devel oped.
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The carbon adsorbents used commonly have heterogeneous surfaces. As
such, anew model or an extension of an existing model needsto be devel oped
for such surfaces. Rudzinski and Aharoni (7) developed a procedure for de-
veloping equations for simultaneous description of equilibria and kinetics of
adsorption on an energetically heterogeneous surface based on the statistical
theory of rate of interfacial transport. This paper provides a much-simplified
strategy for the extension of the model developed for heterogeneous surfaces.

MATHEMATICAL MODEL DEVELOPMENT

The overall approach in this study is to equate the rate of external mass
transfer to the rate of adsorption given by the Langmuir adsorption curve.
Thus, the inherent assumption in thisinvestigation is that the adsorption equi-
librium is reached instantaneously.

The Langmuir isotherm is given by

1 _1 1
%" b @t (3)
The equilibrium adsorption (mg/g) is defined as the ratio of the amount ad-
sorbed (X) to the mass of adsorbent (m). Hence,
~x_ (Co=C)V _ (C-C)

Je = m - mS-V - ms (4)
where Co and C; are the initial and dynamic sorbate concentrations, respec-
tively, m, isthe dosing of adsorbate, and V is the volume of the fluid phase.
The rate of mass transfer is given by

d
Ot = AAn(Ci— C ©)

where k,, and A,,, are the mass transfer coefficient and the area of mass trans-
fer, respectively. Egs. (3) and (4) are used to solve for the equilibrium con-
centration, Ce

Co—C,
aC, + (bom—Co)] ©)

and substituting Ce from Eq. (6) into Eq. (5) resultsin the following differen-
tial equation:

Ce:

dC, [aCt2 + (aa + 1)C;— Co] @

o - KmAm aC, + a

where
o = bms— Co. (8)



Downl oaded At: 10:53 25 January 2011

2586 MONDAL AND LALVANI

On arranging and integrating equation (7) (Appendix) the following ex-
pression is obtained for the initial condition, t = 0 and C = Cq;

<aCt2 + (aa + 1)Q—Co>1/2a
aC3 + aaCy

2aC + (e + )-V-q\ ., , ©)
2aCo + (aa + )= V—q | # V=
2aC; + (aax + 1) + V—q
2aCo + (aa + 1) + \/fq

= e_kmp‘mt/a

where
q = —{4aC, + (aa + 1)7. (10)

Equation (9) is the rate equation for adsorption based on the Langmuir
isotherm.
The Freundlich isotherm is given by the following expression:

Je = keCe (11)

Using the approach described above, the rate equation based on the Freundlich
isotherm for any value of exponent n yields the following equation:
C
f Un ac n — kmAn:?./n t (12)
co (krmy)™"C —(Co-C) (kems
The dynamic concentration expressions for the various values of n (0, 0.5,
1, and 2) were derived (Table 1). For values of n other than those mentioned
above, the solution to Eq. (12) is obtained numerically. The Langmuir
isotherm can be rewritten as

_abCe
9= 1T+ aCe

Because Eq. (34) is a shifting-order expression (zero to first-order), it can be
used conveniently to express the Freundlich isotherm [EQ. (11)] for the n val-
uesranging from O to 1. Therefore, only one equation [Eqg. (9)] can be used to
model the data obtained from high (corresponding to n = 0) to intermediate (n
= 0.5) and low (n = 1) concentrations of adsorbate.

(38)

SOURCE OF DATA

The kinetic data for the validation of the proposed model were collected
from various sources. Data were obtained so as to enable the study of the ad-
sorption of both electrolytic and nonelectrolytic sorbates on a variety of ad-
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TABLE 1
A Comparison of the Models Based on Linear, Langmuir, and Freundlich (n = 0, 0.5, and 1)

1+ mk;
Linear c—c 1 N meks RErve f)kmA,m
0 1+ mskf 1+ mskf

1+ mks

=S At

C=0C, 1 + meks e{ mks )
1+ mke 14+ mks

Freundlich (n = 1)

2aC + (aa + 1) — V—q\a-11
aC? + (ax + 1)C — Co\*2| 2aCo + (ax + 1) — V—q m\/jq_ N
( aC§ + anCo ) 2aC + (ao + 1) + V—q —°
2aCo + (aa + 1) + V—q

Langmuir

arcTanh( C—-C )
Freundlich (n = 0.5) kelme\/C KA
kebmgV/C T (kebmg)?

_ (05 0.5 05~ _  ~\05
Freandich(n=2)  2co~ O F 2kmymCinf(kemy™C = (Co = €)™ .

—2(kfms)°-5C0In[(kfr‘r15)°-5CO)] = (kymQ)°3

t

sorbents, namely activated carbon (AC) and fly ash. Adsorption of various
concentrations of benzaldehyde and nitro-4-phenol were obtained from the
work done by Zhou and GuyMartin (8). Adsorption studies of nickel, copper,
chromium, and cadmium performed by Kannan (9), Pandey et al. (4, 10), and
Yadavaet a. (11), respectively, were used to obtain the various constants such
as the mass transfer coefficients, adsorption energy, and adsorption capacity.
The experimental data were used to fit the rate equations derived from Lang-
muir [Eq. (9)] and Freundlich [Eq. (2)] isotherms.

RESULTS AND DISCUSSION

To estimate the constants of Langmuir and Freundlich adsorption
Isotherms, three equilibrium concentration data sets were used (Figs. 1 and 2).
The various equilibrium constants are reported in Table 2. The analysis for
calculating the equilibrium data requires the use of at least three and prefer-
ably five experimental observations made under equilibrium conditions. In
addition, the dynamic concentration data are often disregarded. The purpose
of the model presented in this paper isto show that the datafrom a single ex-
periment can be used to estimate constants associated with adsorption
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FIG.1 Freundlichisothermsfor adsorption of benzal dehyde and nitro-4-phenol. Experimental
data were obtained from reference.
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FIG. 2 Langmuir isotherms for adsorption of benzaldehyde and nitro-4-phenol. Experimental
data were obtained from reference.
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TABLE 2
Equilibrium Constants for Langmuir and Freundlich Isotherms
Langmuir Freundlich
a(L/qg) b (mg/g) r2 ki (L/Q) n r2
Benzaldehyde 0.0636 384.6 0.9974 481 0.37 0.9948
Nitro-4-phenol 0.0778 217.4 0.9980 4.48 0.34 0.9833

Experimental data were obtained from reference 8.

isotherms. An important observation we make from datain Fig. 2 is the pos-
sibility that the plot of 1/ge vs. 1/Ceisnot necessarily linear. This observation
will be used later to explain the heterogeneous nature of activated carbon.
The model developed in this paper [Eq. (9)] was used to obtain the Lang-
muir constants of adsorption of benzaldehyde and nitro-4-phenol on AC and
copper, chromium, cadmium, and nickel on fly ash (Table 3). In addition,
guantitative data on the mass transfer constants were also generated. Because
the value of the coefficient of regression, r?, is fairly high for the data pro-
cessed, agreat level of confidence can be placed on the approach described by
the model [Eq. (9)]. The constants obtained were used to generate concentra-
tion versus time profiles (Figs. 3-5) and they were compared with the actual
experimental data. There is a very good match between the two sets of data
(predicted and experimental). According to the regression analysis, as com-
pared to the adsorption of organic compounds, the model devel oped more ac-

TABLE 3
Estimated Langmuir Constants and Mass Transfer Coefficients [Eq. (9)]
Initial
concentration m a b KmAm
Sorbent Adsorbate (mg/L) (g/L) (L/g) (mg/g) (L/h) r?

AC Benzaldehyde 525 1.0 0.579% 91.51 15667 0.9937
AC Benzaldehyde 522.5 1.0 0.8361 306.24 13771 0.9962
AC Benzaldehyde 1568.0 1.0 0.0337 47334 20176 0.9753
AC Nitro-4-phenol 50.0 10 05265 75.18 1.6873 0.9941
AC Nitro-4-phenol 300.0 1.0 05125 19045 1.0892 0.9999
AC Nitro-4-phenol 700.0 10 04985 231.68 1.3747 0.9965
Fly ash Copper 12.0 20.0 15031 11413 05280 0.9967
Fly ash Chromium 500.0 20.0 4.0985 0.0002 0.3997 1.0000
Fly ash Cadmium 500.0 20.0 1.9893 0.0001 0.3997 1.0000
Fly ash Nickel 500.0 75 2.0747 1.3788 0.1162 0.9961

Experimental data were obtained from references 4, 8-11.
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FIG. 3 Adsorption of benzaldehyde on activated carbon. Experimental data were obtained
from reference.
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FIG. 4 Adsorption of nitro-4-phenol on activated carbon. Experimental data were obtained
from reference.
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FIG.5 Adsorption of (&) chromium, (b) copper, (c) cadmium, and (d) nickel onto fly ash. Ex-
perimental data were obtained from (@) reference 10, (b) reference 4, (c) reference 11, and (d)
reference 9.

(continued)
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FIG.5 Continued

curately describes the metal ion adsorption. A comparison of the mass trans-
fer coefficients shows that higher values are obtained for the case when or-
ganic adsorbates were used in relation to metal ions. Metal ion adsorption is
expected to occur at a faster rate than rates at which organic compound ad-
sorption takes place because of higher diffusivity values of metal ionsin rela-
tion to the corresponding mass diffusivity of the larger organic molecules. In
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addition, relative to the organic molecules, the strong el ectrostatic interactions
present in metal ions (including hydrated metal ions) could result in rapid
movement of metal ionsto the sorbent surface. Hence, equilibrium is reached
rather quickly. Therefore, the process appearsto be mass-transport-limited for
metal ion adsorption and hence metal ion adsorption is more accurately de-
scribed by the model. The constants, a and b, were found to be concentration-
dependent, indicating a heterogeneous surface. For this reason, Fig. 2 indi-
cates the convex nature of the relationship between the two axes. For
benzal dehyde adsorption, the adsorption energy (a) is found to decrease with
concentration according to the empirical relationship a = 0.8934e0-9028C
whereas the maximum adsorption capacity is found to increase with the
concentration according to the following empirical relationship b =
70.086C2-2?8, The variation of constants can be explained by the distribution
of energy sites. In the analysis presented for the model, homogeneous surface
was assumed. However, in most practical cases, especially for activated car-
bon, there is adistribution of homotattic sites (12, 13). In the case studied for
evaluating the model, an exponentia distribution of adsorption potential was
found to apply best. The adsorption energy decreased according to the empir-
ical equation a = 0.5300e °-%%9Ce for nitro-4-phenol, whereas the maximum
adsorption capacity increased with concentration according to the relationship
b = 85.701C217%®, The explanation for the concentration dependence of ad-
sorption capacity is provided below.

The adsorption capacity is a measure of maximum possible adsorption per
unit mass of sorbent. This capacity is expected to be constant, becauseit isthe
value of monolayer capacity for a given component. However, in practice it
was found to vary with concentration. This suggests a multilayer adsorption
possibility. The other reason for this behavior can be attributed to the fact that
at lower concentration, the maximum possible adsorption capacity cannot be
extrapolated effectively from the data. The authors believe that this givesrise
to a “pseudo-maximum.” The Langmuir isotherm is essentially applicable to
amonolayer, homogeneous surface. Figure 6 shows the relationship between
1/C¢ vs. 1/8 for a heterogeneous surface where the adsorption potential, a, for
each type of site decreases exponentially and the sites are uniformly dis-
tributed. The datain Fig. 6 can be interpreted in the following way. The curve
assumes alinear behavior at high concentrations of the solute and resultsin an
intercept corresponding to 1. However, if a straight line approximation were
to be made at lower concentrations, the intercept would be significantly
greater than 1, indicating that the capacity is less than the actual capacity.
These observations can be explained as follows. Let b’ and b be the observed
and actual capacities, respectively, then we can expressthe datain Fig. 6 as
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FIG. 6 Effect of heterogeneous surface on a and b.

Compare the above expression with the Langmuir equation:

1 11
0 acC. 1

Thus, the cases where the intercept is greater than 1 indicate that b’ isless
than 1, and thisisreferred to as the pseudo-maximum (i.e., the observed max-
imum). This pseudo-maximum may not always occur. In the cases studied, a
power function appears to best explain the dependence of the pseudo-maxima
on the concentration of the adsorbate.

Thedlope of thelinein Fig. 6 varieswith concentration. Thus, if there were
multiple sites with different adsorption energies, both the a and b values
would appear to vary with concentration. The model developed in the paper
was for monolayer, homogeneous adsorption cases. However, it can be ex-
tended for heterogeneous surfaces, too. The concentration dependence of the
adsorption potential observed in the present model can be explained using
isotherms of heterogeneous surfaces such as the Jovanovic—Freundlich, Lang-
muir—Freundlich, Fowler—Guggenheim/Langmuir—Freundlich, and exten-
sions of these models. For the Jovanovic—Freundlich model, thea valueis ex-
pressed as a function of €< (similar to the empirical fit in the paper), where
o isasole function of temperature and describes the adsorbate-adsorbent in-
teractions.

Although the exponent n, according to the traditional analysis for Fre-
undlich isotherm generation (Table 2 and Fig. 2) involving adsorbate uptake
and equilibrium concentration val ues, was found to be between 0.34 and 0.37,
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TABLE 4
Estimated Freundlich Constants (assuming n = 1) and Mass Transfer Coefficients[EQ. (2)]
Initial
concentration mg ks KmAm

Adsorbent Adsorbate (mg/L) (mg/L) (L/g) (L/hr) r
AC Benzaldehyde 525 10 1716 14983 0.9725
AC Benzaldehyde 522.5 10 1.440 0.7582  0.9943
AC Benzaldehyde 1568.0 1.0 0.406 0.6453  0.9693
AC Nitro-4-phenol 50.0 1.0 11.752 17360  0.9903
AC Nitro-4-phenol 300.0 10 1.659 0.6805 0.9994
AC Nitro-4-phenol 700.0 10 0.562 0.4599  0.9960
Fly ash Copper 12.0 20.0 1.0229 0.0511 0.9961
Fly ash Chromium 500.0 20.0 0.0006  0.0161  1.0000
Fly ash Cadmium 500.0 20.0 0.0001 0.0008 0.9998
Fly ash Nickel 500.0 75 0.6305 05102 0.9740

the corresponding external mass transfer controlled model [Eq. (2)] was used
in this study (which assumes n = 1). Note that the form of the Freundlich
isotherm for n = 1isequivalent to the linear isotherm and Langmuir isotherm
for very low concentrations (1 > aC,). Thus, we believe that this model is not
agood representation of the experimentally obtained results (Table 4).

The data obtained show ahigh value of regression coefficient. The constant,
ks, isfound to be dependent upon the adsorbate concentration. For example, ks
= 5883.9C14%°2 for benzaldehyde adsorption and ki = 1050Cz114%8 for ni-
tro-4-phenol adsorption on AC. Compared to the organic adsorbates, higher
values of the correlation coefficient were obtained for metal ion adsorbates, an
observation that isaso consistent with the results from the data obtained from
the Langmuir adsorption analysis (Table 3). The mass transfer coefficients
were again found to be much lower for metal ion adsorption than for organic
compound adsorption. Thus, it appears that metal ion adsorption is rapid and
Is characterized by mass transfer limitations. The adsorption constant ob-
tained, ki, was used to generate dynamic concentration profiles (Figs. 3-5). A
good match exists between the experimental data and the data obtained from
the model. However, when the data generated from Langmuir and Freundlich
Isotherm-based models [Egs. (9) and (2), respectively] are compared with ex-
perimental data, it clearly appears that the Langmuir adsorption model con-
formsto the experimental data more closaly.

The model developed in this study is applicable when the mass transfer rate
Is significantly lower than the corresponding adsorption rate. The following
section compares the rate constants obtained for adsorption-controlled and
mass-transfer-controlled mechanisms. Thefirst-order rate constants (based on
surface reactions calculated by the use of the equation provided by Lagergren



Downl oaded At: 10:53 25 January 2011

2596 MONDAL AND LALVANI

[Eq. (1)] are 4.15, 1.38, 1.40, and 0.98 L/h for copper, chromium, cadmium,
and nickel, respectively. The above values of the adsorption rate constants for
metal are approximately 8-10 times as high asthe mass transfer rate constants
(kmAyy,) obtained from the model presented in this paper. The r? values ob-
tained on fitting the Lagergren’s equation to the experimental data for metal
ions ranged from 0.9099 to 0.9324. In addition, the distribution of errors be-
tween the predicted value and the experimental value was not random when
the Lagergren’ s equation was used. However, the mass transfer rate constants
and the surface reaction rate constants for the adsorption of organic com-
pounds on activated carbon were of comparable orders [e.g., 0.908 using Eq.
(1) and 1.08 using Eq. (9) for the adsorption of 700 mg/L of nitro-4-phenol
onto activated carbon]. However, linearization of the data was not achieved
upon log transformation, indicating the unsuitability of the first-order kinetic
model.

Langmuir isotherm provides a more complete description of equilibrium
adsorption as compared to linear isotherm (which is a simplified case and is
valid for low concentrations only) and the Freundlich isotherm (which is
semiempirical). As a result, the C,/Cy value (for a given time, t) remains
constant irrespective of concentration for the model based on Freundlich
isotherm with n = 1, which is true at low concentrations and changes at
higher concentrations.

Note that the Langmuir isotherm can explain both types of mechanisms:
first-order and zero-order. The following is an explanation of the limiting
cases (zero- and first-order). The zero-order adsorption kinetics are obtained
when C. > 1 or a> 1, whilethe product aC. remainsfinite. However, thefor-
mer condition has no experimental bearing on adsorption kinetics because
both the initial and the dynamic concentrations are too large, and the amount
adsorbed relative to the bulk concentration is negligible. In the latter case, for
the product aCe to be finite, the equilibrium concentration, Ce, must be close
to zero. Applying the above condition to Egs. (5) and (12) yields the same
equation, i.e.,

Ci = Cogtm!

The first-order adsorption kinetics are obtained when abCy isfinite and aCd/b
tendsto zero. Theintegration of Eq. (5) yields the same form obtained by Mc-
Cay et d. (3) [Eq. (2)]. Theks in EQ. (2) isreplaced by the product of the con-
stantsin the Langmuir isotherm, a and b.

Thus, the model based on Langmuir isotherm [EQ. (9)] provides better pre-
dictions over awide range of concentration (as seenin Fig. 7). In addition, the
Freundlich isotherm yields an expression that cannot be solved analytically
and thereforeit isdifficult to use. The derivation arrived in this paper isfound
to be helpful for homogeneous cases and its possible extension to heteroge-
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FIG. 7 Predicted effect of initial concentration on adsorption dynamics using Eq. (9).

neous cases has al so been discussed. The model developed in this study based
on the Langmuir isotherm can be used more conveniently to predict the dy-
namic concentration of adsorbate than the model developed previously using
the Freundlich adsorption isotherm.

CONCLUSIONS

A new model that describes the dynamic concentration of adsorbate for ex-
ternal mass transfer limited case for Langmuir isotherm was developed. The
model can be used to estimate the various constants of adsorption isotherm us-
ing only one set of concentration vs. time data with a reasonably high degree
of accuracy. On the basis of the regression coefficient data obtained for con-
centration vs. time data, the model appears to predict dynamic concentration
vs. time data more accurately for metal ion adsorption compared to the ad-
sorption of organic compounds. The data show that the model prediction is
more reliable when the masstransfer coefficient involved islow (or the rate of
adsorption is high). Predictions for the external mass transfer limited case us-
ing the Freundlich adsorption isotherm [Eq. (2)] compare well with experi-
mental data with high r? values (greater than 0.97). However, the model de-
veloped in this paper is more complete. The constants of adsorption are
concentration-dependent. For the Langmuir adsorption isotherm, adsorption
potential, a, and the maximum adsorption capacity, b, are found to respec-
tively decrease and increase with adsorbate concentration. This concentration
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is explained in terms of energy distribution associated with adsorption. The
constant, ki, associated with the Freundlich isotherm decreases with concen-
tration and the explanation offered for thisbehavior also liesin considering the
energy distribution of adsorption.

APPENDIX

Substitution of Eq. (4) in the differential Eq. (1) leads to the following ex-
pression:

dC:  kpAw  ACE+ (a + 1)C-Go

dt a Ci+a
Integrating betweent = O and t, and Cy and C;, gives us
fq C+a =—kmAmt
o ACZ + (aa + 1)C,—Cy a
Let
x =G

The above integral is solved by using the following identities (14):
dx _ 1 n 2Cx +b-V—
X Vg 2cx+b+Vq

and

where x = Cx2 + by + aand g = 4AC —b?
Theresult isgiven by Eq. (9).

NOMENCLATURE

adsorption energy, L/g

surface area, m?

adsorption capacity, mg/g
concentration, mg/L

proportionality constant, (L/g)(mg/L)™
mass transfer coefficient, L/m?-h
adsorbent loading, g/L

uptake, mg/g

time, h

Hpﬁfzoc?m
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Subscripts

e
0
t

W™

10.

11.

12.

13.

14.

equilibrium
initial
time
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